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 !" #$%&' ()*)%)+,-,

 !"#$ %&'%'%' (X,T )  !" #$%$&$'!( )*+, $&-). /0 X (120-! 1*0"!.30  !"

β 043050"&!( 630.(&!(7  +58.#8-8 /0"!&-!.9 ϕ : X → X/β  :&12 3:.14121.0

;:"0< T #$%$&$'!-!.!. X/β  :&12 (120-! 1*0"!.30(! #120& #$%$&$'!-!.0< T
.). β ,0 ;:"0  !"#$ %&'&"&()*) 30.!&!"9 =:&12 #$%$&$'!-!.! U !&0 ;:-#0"0&!29

(X/β,U) )*+,8.+ 3+ (X,T ) )*+,8.8. β ,0 ;:"0  !"#$ +,-./< 3!,0>05!*9

(")*$) %&'%'%' 0)1 U ⊂ X/β 2#$3*)4)4 U  !"#$ %&'&"&()*)43 -)% &"$-*/

)5)4 63132") 73 .3%31") 2&8+" ϕ−1(U) ∈ T &"$-*/9/1:

 ! " # $%  !"#$" ?9@9A 30. B8(+"9

(")*$) %&'%'+' X/β  !"#$ 2#$3*) #,31)493; ϕ : (X,T ) → X/β  !"#$

9!4#8#$#4# *#132") 2/"-4 34 )4<3 9&2+"+ %&'&"&() U  !"#$ %&'&"&()*)9)1:

C-%+# !B!. #120& #$%$&$'! #+.828.+  +(8.8*9 6D+.82 ?9@9A79 =) :.0"20

D+.82 ?9@9@ !&0 /0"!&0.  :&12 #$%$&$'!-!.!. #+.828 $&+"+( ()&&+.8&284#8"9

(")*$) %&'%',' g : (X/β,U) → (Z,W ) =&42*).&4+4+4 *#132") &"$-*/ )5)4

63132") 73 .3%31") 2&8+" g ◦ ϕ 4)4 *#132") &"$-*/9/1:

C-%+# !B!.  !"#$" ?9@9@ ,0  +(8.8*9

(")*$) %&'%'-' 0)1 K ⊂ X/β -"%>2#$3*)4)4 2-'-"/ &"$-*/ )5)4 63132") 73

.3%31") 2&8+" ϕ−1(K) ⊂ X -"%>2#$3*)4)4 2-'-"/ &"$-*/9/1:
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 !"  !"#$ %&'  !"#$ ()*+"*,-

 !"#$ %&'%'%' #$%&$' ()$'*+,$-* ./0/1/2*3

4(-(1('5 *+6$ 7$ ,()8(+ &*' .$1 9191:%3 4; .$1* &(-$'$- *-* ;6;+; &*'

9'9<9 8$.*'$1*%3 =$<,9+9 8$1$+ >$-*1 &*' ?$%&$'$ &$+)$<$&*1*'3 4(-%$ *>*

,()8(+ <90:1%9%:>@9 &*1$5 %$<,9+9 8$1$+ >$-*1 ./0/1/2*- /19'9- &*' ?$%&$'$

$><90:1: /1969-.:'3 A*%,*5 &; .$1 ()$'*+$ B<1$ &*' ./0/1/2*- <90: -;'969C:) -*

?$%&$'*+-*<1$ $><90:1: /1969-.:'3 D/19<1:- /1%9@: *?*+5 $1$ 91,:C:%:) *+6$ .$1*

2π ;);+1;C;+,9 79'@9<91:% 7$ ,/19<:@:<195 &; .$1* I = [0, 2π] -9091: 9'91:C: *1$
.$%@*1 $,$1*%3 4; 9'91:- ()$'*+$5 8$'?$1 $-@$+*+ @91. ./0/1/2*@*+*+ -/+,;',;C;

./0/1/2*<* J *1$ 8B@.$'$1*%3 E<':69 ,()1$%,$-*

B = {(x, y) ∈ R
2 | x2 + y2 = 1}

&*'*% ?$%&$'* ()$'*+$5 ,()1$%*+ @91. ./1/2*@*+*+ -/+,;',;C; ./0/1/2*<* V *1$

8B@.$'$1*%3 4; ?$%&$'*+ ?$7'$ ;);+1;C; 91,:C:%:) .$1*+ ;);+1;C;+9 $>*..*'3

E+69-5 -;'969C:%:) ./0/1/2*- $><90:1:1:- *?*+ &; $>*.1*C*+ 8$'$-1* /1%9,:C:+:

*1$'*,$ 8B'$6$C*)3

F$1*+ *-* ;6;+; &*'1$>.*',*C*%*),$ ! 7$ 2π *1$ .$%@*1 $,*1$+ ;? +/-.919'

?9-:>.:C:+,95 &; *-* +/-.9<: 9<+: &*' +/-.9 *%*> 8*&* ,(>(+$&*1*'*)3 4;+; %9G

.$%9.*-@$1 /19'9- *H9,$ $.%$- *?*+5 X ()$'*+,$ 9>9C:,9-* 8*&* .9+:%19+9+ &*'

∼ ,$+-1*- &9C:+.:@: -;'91:%I J$' t, s ∈ I *?*+

t ∼ s⇔ [((t = 0) ∧ (s = 2π)) ∨ ((t = 2π) ∧ (s = 0)) ∨ (t = s)]

/1@;+3 4; &9C:+.:<9 8B'$ K$' K9+8* &*' t ∈ I BC$@*+*+ ,$+-1*- @:+:H:

[t] = {s ∈ I : t ∼ s}

/1%9- ()$'$

Y = I/ ∼ = {[t] : t ∈ I}

,*<$1*%3 L$+-1*- @:+:M9':+,9+ /1;>9+ Y -(%$@*+$5 I -(%$@*+*+ ∼ ,$+-1*-

&9C:+.:@:+9 8B'$ &B1(% -(%$@* ,*</';)3 D/19<69 8B'(1$6$C* 8*&*

[0] = [2π] = {0, 2π}

[t] = {t}, 0 < t < 2π

,*'3 A*%,* <90969C:%:) *>5 B ?$%&$'* ()$'*+,$-* ./0/1/2*<$ $><90:1: /19+ &*'

./0/1/2*<* Y ()$'*+$ -/<%9-.:'3 N$'*1$+ .$1* &*'*% ?$%&$' ()$'*+$ ,()8(+



 !" " #$%&' ()*)%)+,-,  !"

#$%&%' ()&$)*+,&)$,-. /##&0,1%+ 2,2+)-, 3($) 2)4,$)5,$,& ', I 0%1 B 4)-5)&,

67)&,1) +%18-$%1%1

f : t→ (cos t, sin t) 9 !. :

0316*6-6 *; 37)$$,'$)&) 2%<,= #$;&>

?)& (x, y) ∈ B ,4,1@ )A)& (x, y) 6= (1, 0) ,2)

x = cos t, y = sin t , (0 < t < 2π) 9 !.B:

#$%C%' *)',$0) 5,& t ∈ I 3A)2, D%&08&. EA)& (x, y) = (1, 0) ,2) I '6-)2,1) %,+

t = 0 D) t = 2π 3A)$)&, 5; 1#'+%(% +)'%56$ )0)&$)&F (%1,

(x, y) = (1, 0)⇒ (cos 0, sin 0) = (cos 2π, sin 2π) 9 !.G:

#$;&. H <%$0) <)& s, t ∈ I ,4,1@ 9 !. : ;(%&81C%

t ∼ s⇐⇒ f(t) = f(s) 9 !.I:

#$%C%'+8&. J($)(2)@ Y 53$6- '6-)2,10)1 B 4)-5)&, 67)&,1) *3($) 5,& h K#1'L

2,(#1; +%18-$%(%5,$,&,7>

?)& [t] ∈ Y ,4,1@ [t] 0)1'$,' 2818K8181 <)& <%1M, 5,& t +)-2,$C,2,1, 2)4)&)'

h([t]) = f(t), (t ∈ [t]) 9 !.N:

0,()$,-. h K#1'2,2(#1;1;1 ,(, +%18-$8 #$0;A; <)-)1 M3&6$)5,$,&. O)&4)'+)1

t ∈ [t] ()&,1) s ∈ [t] %$818&2%@ 9 !.I: D) 9 !.N: 0)1

h([t]) = f(s) = f(t)

48'%&. J+) (%10%1 h : Y → B K#1'2,(#1;1;1 PPJ #$0;A;1; M3&-)' ,4,1

[t] = [s]⇔ h([t]) = h([s])

5%A81+828 ()+)&$,0,&. Q&+8'@ Y 67)&,1) B 67)&,10)', V +#=#$#R,2,1) )*(%=8$8

#$%1 5,& U +#=#$#R,2, '#(-%' '#$%(08&. P; ,* ,4,1@ B 67)&,10)', +#=#$#R,1,1 h
K#1'2,(#1;1% M3&) +)&2 &)2-,1, %$-%' ()+)C)'+,&F (%1,

U = {h−1(V ) : V ∈ V }

,2+)0,A,-,7 +#=#$#R,0,&. P3($)C) (Y,U) ;7%(8 ,$) (B,V ) ;7%(8 +#=#$#R,' )*(%=8$8

,', ;7%( #$;&.
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"#$%# (I,J ) &'()*+*+ ∼ %,+-.#- /(0*+1*2*+( 345, /4.6$ &'()*+*+ (Y,U)
&'()* 7.%&0&+& 3421,5,8,0#'9 I -6$,2#+%,+ Y /4.6$ -6$,2#+,: ;,5 t ∈ I #<#+

ϕ(t) = [t] %#), 1(+*$.(+(+ /4.6$ %4+6=6$6+6 %6=6+652,- > !9?@ &)(5*+8(:

h(ϕ(t)) = f(t), (t ∈ I)

)('(/#.#5#'A )(+#

h ◦ ϕ = f

%#59 B(/##: /&5(%( h C7+-2#)7+&+&+ DDE 7.%&0&+& /#.#)75&'9 F7.()*2*).(

f−1(h(U)) = ϕ−1(U), U ⊂ Y > !9G@

7.&59 H51*- (=(0*%(-# 4',.#0# #2I(1.()(/#.#5#'J

V ∈ V ⇔ f−1(V ) ∈ J > !9K@

L,5<,-1,+: t → cos t M, t → sin t /#.,=,+.,5# 265,-.# 7.%&0&+%(+ f C7+-N

2#)7+& 265,-.#%#5A O ;(.%,: V -6$,2# B &'()*+%( (<*-2( f−1(V ) 1,52 5,2$#

I &'()*+%( (<*- 7.(8(-1*59 B,52#+, 7.(5(-: V ⊂ B (.1N-6$,2# 4)., M,5#.2#+ -#:

/&+&+ f−1(V ) 1,52 5,2$# I &'()*+%( (<*- /#5 -6$, 7.2&+9 L421,5,8,0#' -#

V -6$,2# B &'()*+%( (<*-1*59 D& #= #<#+ ;,5 (x, y) ∈ V 40,2#+, -(5=*.*-: B
<,$/,5# 6',5#+%, (x, y) +7-1(2*+* #<,5,+ M, V 1(5(C*+%(+ -(I2(+(+ (<*- /#5

)()*+ M(5.*0*+* 3421,5$,- ),1,8,-1#59 P6+-6 B 6',5#+%,-# (<*- )().(5 V 17N

I7.7Q#2#+#+ /#5 1(/(+*%*5 >/-'9  !"#$ R9 R@9 P4'6$6 #-# %&5&$ #<#+ ()5* ()5*

)(I(8(0*'J

 !"!# $% (x, y) 6= (1, 0) 7.2&+9 D& %&5&$%(: > !9S@ &)(5*+8(: 4)., /#5 1,-

t ∈ I, (0 < t < 2π) 40,2# M(5%*5 -# (x, y) = f(t) 7.&59 f 265,-.# 7.%.&0&+%(+:

f−1(V ) -6$,2#: I &'()*+%( t 40,2#+#+ /#5 (<*- -7$=&.&0&%&59 O ;(.%, t ∈
(s, u) ⊂ f−1(V ) 7.(8(- =,-#.%, (<*- /#5 (s, u) (5(.*0* M(5%*59 >T,%,+U@ D&

(<*- (5(.*0*+ f C7+-2#)7+& (.1*+%(-# 5,2$# B 6',5#+%, (<*- /#5 )()%*5 M, /&

f ((s, u)) (<*- )()* (5(%*0*$*' )()%*59

 !"!# &% (x, y) = (1, 0) 7.2&+9 D& %&5&$%(: > !9V@ &)(5*+8(: f(0) =
(1, 0) = f(2π) 7.%&0&+%(+ t = 0 M, t = 2π &< +7-1(.(5* f−1(V ) -6$,2#+,

(#11#59 O ;(.%,: 4)., s, u +7-1(.(5* M(5%*5 -#:

0 < s < u < 2π

[0, s) ∪ (u, 2π] ⊂ f−1(V )

7.&5: -# /&5(%(+:

f([0, s)) ∪ f((u, 2π])



 !" " #$%&' ()*)%)+,-,    

!"#$%"&" "'($)$) *+,- .*. /#*0*-(,12

34.#$0$ 5 6278 49$#":" "';*(#*)&,% /#<12 =1(,- U (/;/#/>"'")") J )") !4#?&

(/;/#/>"'" /#@<:<)< A41&$- -/#*.@,12 B$1+$-($) 5 62C8 D$ 5 6278 "E*@$#$1")@$)

U ∈ U⇔ h(U) ∈ V

⇔ f−1(h(U)) ∈ J

⇔ ϕ−1(U) ∈ J

+,-*1F .*)"

U = {U ⊂ Y | ϕ−1(U) ∈ J }

@,12  !"#$"  62 2 <.*1,)0*G U (/;/#/>"'"G J (/;/#/>"'")") ∼ @$)-#"- !*:,)H

(,',)* A41$ !4#?& (/;/#/>"'")@$) !*%-* !"1 %$. @$:"#@"12

3< 41)$- !"9$G !"1"& +$&!$1 ?9$1")@$-" V (/;/#/>"'" .$1")$ Y !4#?&

-?&$'" ?9$1")@$-" U !4#?& (/;/#/>"'")" *#*!"#$0$:"&"9" A4'($1&$-($@"12

 !"#$ %&'%'(' s "#$ t A$1+$# '*.,#*1, *1*',)@*-" E*1- 2π '*.,',),) !"1 (*&

-*(,)* $%"('$G .*)" s − t = 2kπ /#*0*- %$-"#@$ !"1 k (*& '*.,', D*1'* s ≡
t(mod2π) @"./1<92 3< !*:,)(, R A$1+$# '*.,#*1 -?&$'" ?9$1")@$ !"1 @$)-#"-

!*:,)(,',@,12 R )") !< !*:,)(,.* A41$ !4#?& -?&$'")" R/(mod2π) "#$ A4'H

($1$#"&2 I/#*.0* A41?#$!"#$0$:" A"!"G .<-*1,@*-" 41)$-($ ")0$#$@":"&"9 I/ ∼
-?&$'" "#$ R/(mod2π) -?&$'" $%A?+#?@?1#$12 B$1+$-($)G I ?9$1")@$ (*),&H

#*)*) ∼ !*:,)(,', R ?9$1")@$-" s ≡ t (mod2π) !*:,)(,',),) [0, 2π] *1*#,:,

?9$1")$ -,',(#*)&,%,)@*) !*%-* !"1 %$. @$:"#@"12 J/#*.,',.#* I/ ∼ ?9$1")$ @$

-<1<#*!"#"1 D$ !< (/;/#/>" R ?9$1")@$-" '*#( (/;/#/>")") R/(mod2π) ?9$1")H

@$-" !4#?& (/;/#/>"'"@"12

K*!""G !<)<) .")$ !"1"& +$&!$1 ?9$1")@$-" V (/;/#/>"'")$ $%.*;,#, /#*0*:,

*;*+,-(,12 3< 49$#"- L/<1"$1 =)*#"9")@$ !?.?- !"1 4)$&$ '*M";("12 NO PG N  PG

NOCP

 !"#$ %&'%')'  #!"%  62 2 ($ *#,)*) I *1*#,:,),) <9<)#<:<)<) !"1"& +$&H

!$1 "#$ -<1<#*0*- $%.*;,#,#,- "+") 4)$&#" /#&*@,:,), '4.#$&"%("-2 3< <9<)#<:*

@$)-#"- !*:,)(,',),)  !"#$%&' @".$0$:"92 Q$1"./( <9<)#<:<)< "'($@":"&"9 A"!"

'*;(*.*!"#"1"92 B$1+$-($) [0, 2π] *1*#,:, .$1")$G 41)$:")G [0, 1] !"1"& *1*#,:, -/H

)<#<1'*  #!"%  62 2 @$-" "%#$1 *.)$) ($-1*1#*)*!"#"12 3< @<1<&@*G [0, 1]
*1*#,:,)@*) !"1"& +$&!$1$ 5 62 8 "#$ (*),&#*)*) E/)-'"./) .$1")$

f : t→ (cos 2πt, sin 2πt)

E/)-'"./)<)< *#&*- A$1$-$0$-("12
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"#$%%& [0, 1] #'#()*) +,'%-, $./.- R 0,'1,( 2#+) ,32,-%-% #()4 .5,'%-6,

x ≡ y(mod1)⇔ x− y ∈ Z

6,-3(%3 $#*)-/)2)-) /#-)7(#+#$%(%'%58 9#(/ /:4:(:;%-%- R/(mod1) $<(.7 3.=

7,2% .5,'%-6,3% $<(.7 /:4:(:;%2%& $%'%7 1,7$,' .5,'%-6,3% V /:4:(:;%2%-,

,>+#4)()6)'8

(X,T ) ?5#+)-6#- (X/β,U) $<(.7 ?5#+)-# /#-)7(#-#- ϕ $<(.7 6<-.=

>.7. #1)3 @+# 6# 3#4#()A $%' 6<-.>.7 :(7#3 5:'?-6# 6,*%(6%'8 B7# $? 6<=

-.>.7& X ?5#+)-)- $#5) #1)3 3.7,(,'%-% X/β $<(.7 ?5#+)-)- #1)3 3.7,(,'%

.5,'%-, ',27,6,'8 C%76% $? <5,(%*% %-D,(,+,(%78

 !"#$ %&'%'(' B>#*)6#3% <5,(%3(,', 2#E%4 $%' A ⊂ X #(/=3.7,2%-, @β 6,-3=

(%3 $#*)-/)2)-# 0<',A  !"#$% &'( )*#+ '(, 6,-%(%'F

x ∈ A G, yβx⇒ y ∈ A

H#-% 6:+7?> $%' 3.7,& $%'$%'%-, 6,-3 :(#- $./.- <*,(,'% %1,',- $%' 3.7,6%'8

I<(.7 3.7,2%-, #%/ E,' #(/=3.7,-%- $<(.7 6<-.>.7. #(/)-6#3% /,'2 ',27%

6#%7# 6:+7?> $%' 3.7,6%'8 J,'1,3/,- V ⊂ X/β %2,

x ∈ ϕ−1(V ) G, xβy ⇒ ϕ(x) ∈ V

ϕ(x) = ϕ(y)⇒ y ∈ ϕ−1(V ) @ K8LA

:(?' G, $? %2/,-,-% %24#/(#'8 ",'2%-, :(#'#3& A ⊂ X 6:+7?> $%' 3.7, %2,

A = ϕ−1(V ) :(#D#3 >,3%(6, $%' V ⊂ X/β 3.7,2% G#'6)'8 J,'1,3/,- V = ϕ(A)
3.7,2% %2/,-,-% 2#*(#+#D#3/)'8 M.-3.

A 6:+7?> ⇒ ϕ−1 ◦ ϕ(A) = A @ K8NA

:(?' @$358 O8P':$(,7A8 B+')D#& ϕ <'/,- $%' 6<-.>.7 :(6?*?-6#-& E,' U ⊂
X/β %1%-

ϕ ◦ ϕ−1(U) = U @ K8 KA

:(#D#3/)'8 I? <5,(%3(,'% 3?((#-#'#3 >? <-,'7,+% 2<+(,+,$%(%'%5F

)"*+$* %&'%',' -./*# 0!1!/!2'3'4'4 567) )*#+/+('  !"#$% 567) )*#+/+('4

&./*#  .4*%*#* 5/074 5)' (+3'#/+('4 +4 '&5(+00'(8



 !"#" $%&'% (&)*+,'+,&   !

 ! " # $%  !"#$"  "# # $%& ' "#() *& ' "# ") +,-./01-

U = {U ⊂ X/β | ϕ−1(U) ∈ T }

= {ϕ(T ) | T ∈ T *& T 23,4+5} ' "#  )

&5$6%$7$ 83%-,1- 9-7%-0-:$%$.#

;%:&66&< ,+8-./2-8$ =0&.4& :=%>4 2=0>5>4>0>0 -?/8 :$. 2=0>5>4 3%@

2+7+ -0%-4/0- A&%4&B# C>08>< :+ 2=0>5>4>0< 23,4+5 -?/8 8>4&%&.$ -?/8

8>4&%&. >B&.$0& .&94&2&1&7$0$ :$%$,3.+B# D&.E-0A$ :$. -?/8 8>4&,$ -?/8 :$.

8>4& >B&.$0& .&94&64&,&:$%$.# F&0B&. 3%-.-8< :=%>4 2=0>5>4>0>0 8-G-%/

:$. 2=0>5>4 3%4-9/ A&.&84&2$7$0$ 2& 9=,%&,&:$%$.$B ':8B# H#I.3:%&4)# J KL<

J ML < J NL

 !"# $%&'% (&)*+,'+,&

 # F$. 63G3%3O$8 +B-, >B&.$02&  !"#$"% :-7/06/9/ :$. 2&08%$8 :-7/06/9/ 3%-.-8

2>5>0>%&:$%$.# F+0- A=.& 3%+5-1-8 :=%>4 +B-,/0/ :+%+0+B#

H# ϕ : X → X/β :=%>4 2=0>5>4>0>0 -?/8 :$. 2=0>5>4 3%4-9/ $?$0 A&.&8%$

*& ,&6&.%$ 835+%< E&. A ⊂ X -%6@8>4&9$ $?$0 ϕ(A◦) = (ϕ(A))◦ 3%4-9/2/.#

F&0B&. 3%-.-8< :=%>4 2=0>5>4>0>0 8-G-%/ :$. 2=0>5>4 3%4-9/ $?$0

A&.&8%$ *& ,&6&.%$ 835+% E&. A ⊂ X -%6@8>4&9$ $?$0 ϕ(Ā) = (ϕ(A))
3%4-9/2/.# P=96&.$0$B#

!# Q-G-%/ :$.$4 -.-%/7/ I $%& A=96&.&%$4R ,-0$ I = [0, 1] 3%9+0# K = I × I
8-G-%/ :$.$4 8-.&2$.# F+0+0 >B&.$02&< 2>B%&4$0 9-%6 63G3%3O$9$0$0 830@

2+.2+7+ 63G3%3O$ *-.3%9+0# K 0/0 2>5&, $8$ 8&0-./ >B&.$02& ,>89&8%$8%&.$

&5$6 3%-0 0386-%-./ :$.:$.$0& 2&08 9-,-0 :$. 2&08%$8 :-7/06/9/ 6-0/4%-,-@

%/4# F+ :-7/06/,- A=.& K 0/0 :=%>4 8>4&9$ B × I 2-$.&9&% 9$%$02$.$2$.#

F=%>4 +B-,/ $01&%&,$0$B# 'B :$.$4 ?&4:&.2$.#)

S# T01&8$ 93.+2- K 0/0 ,-%0/B 2>5&, 8&0-.%-./ >B&.$02& 2&08%$8 8+.4+5@

6+.# U$42$ :+0- &8 3%-.-8 ,-6-, 8&0-.%-. >B&.$02& 2&< 93% 8&0-.- 3%-0

+B-8%/8%-./ &5$6 3%-0 0386-%-./ 2&08 9-,-0 :$. :-7/06/ 2>5>0&%$4# F+

:-7/06/,- A=.&< K 0/0 :=%>4 8>4&9$ B×B 63.+ '9$4$6 ,>B&,$) 2+.# F+

63. R
2 × R

2 = R
4
T8%$2 +B-,/0/0 :$. -%6 +B-,/2/.# V01&%&,$0$B#

K# F$.$4 8-.&0$0 2>5&, 8&0-.%-./ >B&.$02& :$.$9$ -5-7/2-0 ,+8-./,- 237.+<

=6&8$9$ ,+8-./2-0 -5-7/,- 237.+ =%?>%4&8 >B&.&< &5$6 +B-8%/86-8$ 0386-@
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