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Definition of The Problem

� In a geographical region, let customers be 

divided into two subsets as, 

� “Linehaul Customers”,

� “Backhaul Customers”. 

� If distribution plan is built up such that the 
vehicles must visit backhaul customers, if 
any, after the linehaul customers visited, 
then there exists a special kind of vehicle 

routing problem. 

Vehicle Routing ProblemVehicle Routing Problem
with Backhaulswith Backhauls

(VRPB) (VRPB) 
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Initial Research

� First study, Deif and Bodin, 1984.
� Heuristic algorithm

� Extension of Clarke-Wright Savings Method

� First exact method, Yano, 1987. 
� Quality Stores

� Branch and Bound

� First LP Model, Goetschalckx and Jacobs-
Blecha, 1989.
� Fisher and Jaikumar, 1981
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Applications 

� Common application is Market     
Industry.

� Supermarkets

� Suppliers

Linehaul Customers

Backhaul Customers
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Motivation

� Lack of two index polynomial size
mathematical models for VRPB.

� With powerful computers, easier to 
solve LP models.

� Prepare a model base for new exact 
solution methods or LP based 
heuristic methods.
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Current ILP Formulations

� Formulation of Goetschalckx and 
Jacobs-Blecha
� 1989

� Fisher and Jaikumar (1981) 

� GAP and TSP

� Three index formulation and DFJ
subtour elimination constraints

� # of binary variables: O(kn2)

� # of constaints: O(2n) 
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Current ILP Formulations

� Formulation of Toth and Vigo 
� 1997

� Seperated arc set

� Two index formulation and DFJ subtour 
elimination constraints

� # of binary variables: O(n2) 

� # of constaints: O(2n) 

ECCOECCO--XXI, May 29XXI, May 29--31, 2008 Dubrovnik, Croatia31, 2008 Dubrovnik, Croatia



5

Current ILP Formulations

� Formulation of Mingozzi, 
Giorgi and Baldacci
� 1999

� Route = PathL U ArcL-B U PathB

� # of binary variables:

� # of constaints: 2(n+m)+1

)1(...
21

...
21

++















++








+







+















++








+







mn

m

m
P

m
P

m
P

n

n
P

n
P

n
P

ECCOECCO--XXI, May 29XXI, May 29--31, 2008 Dubrovnik, Croatia31, 2008 Dubrovnik, Croatia

Current ILP Formulations

Linehaul customers : 20
Backhaul customers : 20
# of vehicles : 5

811,3x1019Mingozzi, Giorgi and Baldacci

4,2x1061.281Toth and Vigo

1,1x10128.405Goetschalckx and Jacobs-Blecha

Constraints
Binary

Variables
Formulation
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Proposed ILP Formulations

� Assumptions:

� Vehicles have identical capacity.

� Customer demands are finite and known.

� Routes containing only backhaul customers are not 
allowed.

� Linehaul customers must precede backhaul customers, 
if any.

� Load of a vehicle can not exceed its capacity at any 
node of the tour.
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Proposed ILP Formulations

� Notations
L={1,…,k}

B={k+1,…n}

{0} � Depot

cij � Distance between i,j

qi � Demand or supply of ith customer

m � # of vehicles

Q � Vehicle capacity



 →

=
otherwise

ji
xij

 ,     0

 ,     1
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Structure of the Models

MIN {Total distance traveled by vehicles}MIN {Total distance traveled by vehicles}

Subject To,

Assignment Constraints,

Subtour Elimination and Capacity Constraints.
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Model-1 (Node Based Model) 

ui � Amount of load delivered, 

right after leaving the node i 

in Linehaul customers;

Amount of load picked up, 

right after leaving the node i 

in Backhaul customers.
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Model-1 (Node Based Model) 
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Model-1 (Node Based Model) 

Subtour Elimination and Capacity Constraints

ui – uj + Qxij + (Q – qi – qj)xji ≤ Q – qj, i≠j, i,j Є L

ui – uj + Qxij + (Q – qi – qj)xji ≤ Q – qj, i≠j, i,j Є B

ui + (Q – qi)x0i ≤ Q, i Є L

ui ≥ qi , i Є LUB

i j

ui uj

qi qj
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Model-2 (Flow Based Model) 

yij � Amount of load of vehicle on 
the arc (i,j) if vehicle passes 
from node i to node j; 0 
otherwise.
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Model-2 (Flow Based Model) 
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Model-2 (Flow Based Model) 

Subtour Elimination and Capacity Constraints
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Model Size (Example)

Linehaul customers : 20
Backhaul customers : 20
# of vehicles : 5

Binary Variables Constraints

Node Based Model 1600 943

Flow Based Model 1600 1804
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Computational Experiments

� Goetschalckx‘s 68 problems with different sizes (25-
200 nodes).

� Random generated problems each set have 30 
problems with 25, 30, 35 nodes. 

� Intel ® Pentium® 4 CPU 3.00 Ghz, 3.04 Ghz dual core 
with 2.00 GB RAM

� CPLEX 10.0.0

� Time limit of solver

� for Goetschalckx’s problems is 7.200 sec 

� for random problems 10.800 sec.
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Computational Results

Node Based Flow Based

#Prb. 

Solved
%

#Prb. 

Solved
%

Avg. CPU 

Time

Avg. CPU 

Time

Goet. 68 15 22,06% 25 36,76% 762,24 327,74

R-25 30 18 60,00% 18 60,00% 44,58 34,45

R-30 30 13 43,33% 13 43,33% 585,9 728,54

R-35 30 6 20,00% 9 30,00% 617,93 521,56

36,35% 42,52% 502,66 403,07

Some Indicators of Optimally Solved Problems
Node Based Flow Based

Σ#Prb.
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Conclusions

� Two ILPF with O(n2) binary variables and 
O(n2) constraints are proposed.

� In Goetschalckx set, the maximum problem 
size we optimally solved is 90 nodes. 15
problems with node based model and 25
problems with flow based model are solved.

� Computational analyses show that quicker
solution time with flow based model, and 
higher lower bound with node based
model can be obtained. 

ECCOECCO--XXI, May 29XXI, May 29--31, 2008 Dubrovnik, Croatia31, 2008 Dubrovnik, Croatia

Conclusions

� We suggest researchers 

� Use flow based formulation to get 
exact solution.

� Use node based formulation to use in
LP based heuristic methods.
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Further Research

� Distance Constraints

� Simultaneous Pickup and Delivery
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Comments…Comments…


