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Phase equilibrium and metastability of liquid benzene at high pressures
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This work is mainly an investigation of some of the liquid-to-solid properties of pure benzene on a
restricted domain of high pressures (20.6<P=<102.9 MPa). Newly obtained equilibrium
experimental data and recently developed analytical equation of state are exploited and compared
with each other and with previous experimental data. Curves fitted to the pressure, volume
discontinuity, and enthalpy change at liquid-to-solid equilibrium points are provided. Concerning
the metastable liquid benzene, both experimental and theoretical data for the minimum nucleation
temperatures (limits of liquid metastability) are provided and correlated to each other. © 2006
American Institute of Physics. [DOI: 10.1063/1.2198808]

I. INTRODUCTION

Solid-liquid phase equilibrium measurements and calcu-
lations at high pressures introduce composite experimental
and analytical problems.l_17 Solid-liquid phase transitions at
high pressures have gained an increasing interest in scientific
and industrial applications.m_21 Particularly, benzene has re-
ceived broad applications in different areas of industry and
the comprehensive investigations of its thermodynamic prop-
erties are rather actual problems.zo’22

When dealing with liquid-to-solid phase transitions an-
other important phenomenon, from both a scientific and in-
dustrial viewpoint, occurs as the liquid is cooled below its
usual transition or equilibrium ternperature.16’23726 Through-
out this paper, the usual transition temperature is referred to
as the “solidification” temperature instead of “melting”
temperature.27 On the other hand, the undercooling limit
temperature of the liquid is referred to as the “limit of liquid
metastability” or “nucleation temperature.” To our knowl-
edge, the supercooling of liquid benzene has received very
little attention with application near the triple-point tempera-
ture showing the calculated entropy changes towards two-
and three-phase states that accompany the relaxation of
metastable subtriple benzene.”*

In the domain of high pressures, data concerning the
thermodynamic properties of liquid and solid benzene re-
main spread and not focused on a short range of PVT prop-
erties. This applies particularly to the existing pressure-
temperature measurements and calculations. ™' "7 182022 1y
this work we focus on the pressure range 20.6<P
=<102.9 MPa and perform for the liquid-to-solid transition
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the measurements and/or calculations of the pressures and
temperatures, the molar volume discontinuities at, and en-
thalpy changes of solidification. Concerning the supercooled
liquid benzene, we provide for 30.5<P=<101.3 MPa the
lowest experimental nucleation temperatures that we could
measure and calculate the corresponding theoretical limits of
liquid metastability using a recently developed equation of
state (EOS), then correlate between the sets of data.

Our measurements have been performed using the instal-
lation shown in Fig.l and described in Sec. II and in
Refs. 29-32; very similar installations were described
elsewhere.”*'>!* Our calculations are based on a recently
put forward unified solid-liquid-vapor EOS.>® The devel-
oped equation writes preserving the same notations as

RT (V-d\ a(T)

P = - D (1)
V_b(D\V-c) V

where ¢ and d are constants and a(7T) and b(T) depend on the

temperature through the dimensionless functions a,(T,) and
b(T)),

RT,)? Z.RT.
a= B 1), =Ry 1)
C PC
)
Z.RT. Z.RT.
c=—""%¢c, d=""4d,
P P

c c

where the subscript ¢ refers to the critical point, Z_ is the
compressibility factor at the critical point, and the new con-

stants ¢, and d, and the eight following constants a, a,, a,,
n, by, by, by, and m are substance dependent,

ar(Tr) =ap+ alTr eXP(— aZT:) > (3)
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bT,) = by + b, exp(=b,T}"), (4)

where T,=T/T, is a reduced temperature. The corresponding
numerical constants for benzene are as follows.’

ay=0.31125,
a,=2.6678,

a, = 1.5930

n=151 by = 26.6560,

The determination of the liquid-to-solid equilibrium from
both Maxwell’s “equal-area” Eq. (7) and Eq. (8) [derived
upon rewriting and rearranging (1)] necessitates the use of a
computer algebra system. For that purpose the MATLAB script
M-file program is provided in the Appendix and can be trans-
lated to C or FORTRAN program.34

The equal-area construction equation between the solid
(V,) and liquid (V;) phases writes

d-b Vl—b c—d Vl—C
P(V,-V,)=RT In + In
c—-b Vi—b c—-b Vi—c
1 1
i) .
Vl Vs

where P is the liquid-to-solid transition pressure and a and b
are evaluated at the corresponding solidification temperature
T. The molar volumes V; and V, with V,<c¢<V, (c
=121.67 cm?), are the real solutions of (1) at the transition
pressure and temperature, which we rewrite as

PV*—AV3+BV?-CV+D=0, (8)

with A=RT+(b+c)P, B=bcP+dRT+a, C=a(b+c), and D
=abc.

We have performed more than 18 runs isobarically or
with decreasing pressure and with a cooling rate not exceed-
ing 0.55° /min. Only 18 runs are reported. In all cases, small
perturbations in both the pressure and temperature were no-
ticed before the freezing of the sample or during the liquid-
to-solid transition. The results of our measurements and par-
allel evaluations are reported in the following two sections
(Tables I and 1II).

TABLE I. Liquid-to-solid equilibrium observed data for benzene. Ten re-
sults out of the total number of runs performed are shown. Solidification
pressure is in MPa and temperature in K.

P (MPa) T (K) P (MPa) T (K)

20.6+1.2 284.6+0.4 67.3£1.2 297.5+0.3
31.2£1.2 287.7+0.4 775+1.2 300.2+0.3
41.8+1.2 291.4+0.4 87.0+1.2 303.2+0.3
53.1+1.2 294.4+0.3 98.3+1.2 305.620.3
58.6+1.2 295.1+0.3 102.9+1.2 306.70.3
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P.=4.894 MPa, T.=562.05K,

)

Z.=0.3750290, ¢,=0.3397686, d,=0.3345894,

by=0.3280, b;=-9.64236X 1072
m=4.0.

(6)

Il. LIQUID-TO-SOLID TRANSITION RESULTS

Figure 1 shows the installation used. The pressure in the
system is set up through the dead-weight pressure gauges 1
and 17, which one pairs through the clip device 2 to the
measuring vessel 4 containing the substance under consider-
ation 12. The vessel 4 made of a stainless steel has a volume
of 10 cm? and is located in a refrigeration cabinets 3 and 14
cooled by vapors of fluid nitrogen contained in the Dewar
vessel 5. Nitrogen flows in a coil pipe of special shape that is
made of a copper tube surrounding but not touching the ves-
sel, thus ensuring a uniform cooling and even distribution of
the air around the copper jacket 15. One end of the coil pipe
lowers to the Dewar vessel and the other end is paired to the
vacuum pump 7 through the flowmeter 8. Finally, the tem-
perature of the substance under consideration is measured
using a chromel-copel thermoelectric couple 10 of diameter
of 0.2 mm paired to the electric self-recording potentiometer
9.

Table I shows the observed values of the equilibrium
pressure (in megapascals) and temperature (in Kelvins) at the
liquid-to-solid transition point as well as the absolute errors
on the temperature and pressure. It was stated earlier that
small perturbations characterized the measurements. For in-
stance, in the temperature-time diagram the transition line
was never horizontal as in theory but rather oscillated irregu-
larly between two extreme values whose (vertical) distance is
taken as the absolute error on the temperature in Table 1. The
liquid-to-solid transition point is identified as an average
temperature of a horizontal line drawn between the two ex-

TABLE II. Liquid-to-solid and limits of liquid metastability for benzene. P,
and T, are the transition pressure and temperature. 7),_cxp and T}, _ppeor are the
experimental and theoretical limits of liquid metastability. AP is the pressure
drop.

P, (MPa) T, (K) Teexpe (K) T,p-theor (K) AP (MPa)
30.5 288.2 270.3 2554 3.0
40.5 290.5 273.5 257.0 2.6
50.7 293.6 271.1 259.9 2.4
54.8 294.9 278.9 261.3 2.1
60.9 296.8 281.8 263.6 1.9
71.0 299.2 284.7 266.3 1.5
80.9 301.1 287.1 268.3 1.3

101.3 306.6 294.6 278.2 0.8
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FIG. 1. Diagram of the installation used in this work. 6: regulator, 11:
carving cover, 13: electric engine, 16: counterweight, 18: mercury, and 19:
lubricant. The other elements are described in the text.

treme values and passing near or through the point of total
solidification. The absolute error on the pressure never ex-
ceeded 1.2 MPa.

We have checked that Antoine’s equation can represent
with high accuracy only the upper or lower values of the data
but not all the data sites shown in Table I altogether. This
might be a feature of the high-pressure experiment data
which sets limits to the use of Antoine’s equation by contrast
to the case of low-pressure and temperature data where An-
toine’s equation predicts with high accuracy the evaporation
and sublimation curves on a wide range of temperatures.%’35
In order to correlate the data, we have developed and used an

equation including five free parameters,36
A, Ay
log;s P(MPa)=A, — —-—; (T'in K). 9
B0 PP =4, - 225 - 5 (Tin k). (9)

The advantage of Eq. (9) is that terms similar to the second
(or third) one can be added, thus increasing the number of
free parameters, until the desired accuracy is reached. For the
set of parameters we have evaluated from the data sites,

A;=3.30829, A,=4.996 15,
A3=-275.01591, A,=108.407 87, (10)
As=-212.007 545,

the absolute error, |Pgya—Peuvel, remains lower than

1.8 MPa.

Figure 2 shows the equilibrium solidification curve
which is a plot of Eq. (9), our data sites shown in Table I
(“o” signs), the sites whose coordinates in the PT diagram
are our P data and the temperatures solutions of the system
of Egs. (7) and (8) when our P data are used as parameters
(“#” signs), and the sites extracted from previous works. The
upper and lower diagrams compare our work with theory and
previous data, respectively.z’&11 The Appendix elaborates on
the resolution of Egs. (7) and (8) with our P data used as
parameters. The agreement between our equilibrium data and
those obtained upon solving Eqgs. (7) and (8) is fairly good.
We will then rely on these equations to determine the re-
maining aforementioned properties.

1o & Benzene J
80 % b
o
601 -
40+ -
2or TIK 1
0 . . . . .
285 290 295 300 305 310
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FIG. 2. PT diagram of liquid-to-solid equilibrium of benzene. Solid line:
plot of the curve of Eq. (9) representing the data. The upper diagram com-

PR

pares our work with theory: “0” signs: data site shown in Table I, “+” signs:
equilibrium data obtained upon solving Egs. (7) and (8) with our P data
used as parameters. The lower diagram compares our work with previous
data: “X” signs: previous data (Ref. 11), “+7 signs: previous data (Ref. 8),
“O” signs: previous data (Ref. 2).

Figure 3 shows the volume discontinuity data sites ob-
tained upon solving Egs. (7) and (8) (with our P data used as
parameters), the line (11) fitted to the data and the data sites
extracted from Ref. 8 as functions of the temperature. For the
range of temperatures and pressures under consideration, the
molar volume discontinuity “during solidification” is well
represented by a linear function given by

AV (cm?® mol™")
=V,-V

s

=-0.068 9367 +29.817, (T in K). (11)

As seen from Fig. 3, most of the data extracted from
(Ref. 8), which had been measured while benzene was un-
dergoing a solid-to-liquid phase transition, are well below
the line (11) fitted to our data. This could be due to the
phenomenon of premelting,37 which has been identified for
the case of benzene at high pressures by different workers.®™
Such an anomaly cannot be predicted by analytical equations
(7) and (8); their resolutions provide then a “brut” volume
discontinuity AV which is manifestly higher than that at

11 T T T T T T T T

A V/cm®-mol™

T/IK *
310

+
325

7 1 1 1 1 1 1 1
280 285 290 295 300 305 315 320

FIG. 3. Molar volume discontinuity AV=V,—V_ as function of temperature.
“0” signs: data sites obtained upon solving Egs. (7) and (8) with our P data

used as parameters. Solid line: plot of the line of Eq. (11) fitted to the data
sites. “+7 signs: previous data (Ref. 8).
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FIG. 4. Molar enthalpy change of solidification AH as function of tempera-
ture. “0” signs: data sites for the enthalpy change corresponding to our data

shown in Table 1. Solid line: plot of the cubic curve of Eq. (13) fitted to the
data sites.

melt. In fact, for a normal substance undergoing premelting a
thin film of liquid forms, increasing thus the molar volume of
the mixture “bulk solid and thin film of liquid.” At melt, this
corresponds to a lower volume discontinuity than if the sub-
stance would not undergo premelting and leads, as seen from
Eq. (12), to a lowered latent heat of fusion. This latter obser-
vation was derived experimentally for the cases of Ar and Ne
(Refs. 38 and 39) and obviously applies to any normal sub-
stance.

Clapeyron equation provides a way to evaluate the molar
latent heat knowing the slope of the equilibrium liquid-to-
solid curve and the molar volume discontinuity. The equation
writes

AH = TAV(dP/dT). (12)

Upon substituting Egs. (9)—(11) into (12) and evaluating its
right-hand side using our data (Table I), we obtained values
for the enthalpy changes of solidification shown in Fig. 4 by
the “0” signs. These values have an average enthalpy change
of 10.31 kJ mol™! (Ref. 20) with a standard deviation of
0.245 kI mol~! and are represented by the following cubic
equation for the range of temperatures shown in Fig. 4:

AH(J mol™) =3.53937% — 33.69272 + 231.94T
+10341, (T'inK). (13)

lll. METASTABILITY RESULTS

The runs leading to the results shown in Table II were
performed isobarically. The first and second columns of
Table II show another set of observed values for the liquid-
to-solid transition pressures P, and temperatures 7, respec-
tively. The third column shows the minimum experimental
nucleation temperatures 7T,,_c that we could reach by cool-
ing liquid benzene before it turned to solid benzene. As the
crystallization happened at T),_c,, a drop AP in the gauge
pressure, as shown in the fifth column, took place which was
reset manually to its constant value prior to the crystalliza-
tion P, while the temperature jumped abruptly to its transi-
tion value T,. It is straightforward to check that AP is di-
rectly proportional to AV given by (11) and that the sites AP
vs AV sit randomly around, but very close to, a line with a
slope of 1.76 MPa/cm®. The fourth column of Table II
shows the results of combined numerical and theoretical

J. Chem. Phys. 124, 204505 (2006)
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FIG. 5. A TV diagram of the isobar 30.5 MPa which is the curve abed. The
vertical line V=c=121.67 cm® sets a limit between the liquid and solid
regions and the horizontal line b—e is the liquid-to-solid transition line.
Curve bp extends continuously and naturally the liquid properties and inter-
sects the line V=c at p where T=T,_;.,,=255.4K, which is taken as the
theoretical limit of liquid metastability. See text.

evaluations of the theoretical nucleation temperature T),_,cor
that liquid benzene can exhibit before turning to solid at the
given pressure.

The theoretical limit of liquid metastability can be ob-
tained by extending or extrapolating continuously the liquid
properties to the solid region.“o’41 In Fig. 5, the curve abed is
the isobar P=30.5 MPa obtained upon plotting Eq. (1) [or
(8)]in a TV diagram. The vertical line V=c=121.67 cm’ sets
a limit between the liquid and solid regions and the horizon-
tal line b— e is the theoretical liquid-to-solid transition line.
The curves bb' and ee’ are also plots of Eq. (1) but they are
schematic, physically unrealistic extensions*” of the liquid
and solid properties, respectively. By contrast, the line bp of
cubic equation

V-13441\3 V—134.41)\2
T=014377| ————— | +2.5360( ————
3.8829 3.8829

V—-134.41

) +335.42 (14)
3.8829

+31.162<

(T'in K and V in cm®) extends continuously and naturally the
adjoining liquid curve ab by preserving the liquid properties
and intersects the limiting line V=c at the point p where T
=255.4 K, then taken as the theoretical limit temperature of
liquid metastability. Another way to extend the liquid prop-
erties is to use a quadratic fitting instead of a cubic one (14),
thus providing values for 7T,_y.., @about two degrees of tem-
perature higher than those shown in the fourth column of
Table II, which all have been obtained by a centered and
scaled cubic fitting, similar to (14), of some of the sites lying
on the curve ab. Hence, the values shown in the fourth col-
umn of Table II are estimate values. On the other hand, the
nucleation temperatures 7),_.,, are subject to the conditions
of the experimentation, which upon further improvements
could lead to lower temperatures.43 7

A way to correlate between the two sets of experimental
and theoretical nucleation temperatures is to notice that the
difference T;—T, (T)_tneor OF T)_expy) decreases as the pressure
increases. In terms of Fig. 6, this becomes clearer if we an-
ticipate that the slope of 7, vs T, is slightly higher than unity,
meaning that the slope of (7,—T,) vs T,, and consequently
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FIG. 6. A TT diagram of the experimental 7,_, (“0” signs) and theoretical
T, _heor (“*7 signs) limits of liquid metastability as functions of the liquid-
to-solid solidification temperature 7,. The solid and dashed lines are fitted to
the experimental and theoretical limits of liquid metastability data,
respectively.

that of (7,—T,) vs P,, is negative. A further correlation be-
tween these two sets exists as explained in the Conclusion
section.

IV. CONCLUSION

The derived equations (9), (11), and (13), fitted to the
appropriate data, are normally valid in the range of tempera-
tures used in this work, 284.0<T7<307.0K (20.6<P
=<102.9 MPa). Nevertheless, Egs. (9), (11), and (13) may
remain valid beyond the assumed range of temperatures but
we could not check that for all of them—Iack of data for
volume discontinuities and latent heats, we just verified that
the transition pressure-temperature relationship (9) is appli-
cable to the extended range of temperatures of 280.0<T
=328.0 K with an absolute error less than 2.4 MPa, which is
lower that the discrepancy existing between some experi-
mental data.® However, this absolute error on the value of the
pressure can be decreased, as we mentioned earlier, by add-
ing a term of the form A4/(T+A5) or more terms to Eq. (9)
until the desired accuracy is reached.

It is custom to plot 7, and 7, vs P in the same diagram;
however, we have found it instructive to plot 7, vs T,. Figure
6 is a temperature-temperature plot showing the experimen-
tal and theoretical limits of liquid metastability (columns 3
and 4 of Table II, respectively) versus the liquid-to-solid
transition temperature. The experimental and theoretical data
have been fitted to the upper and lower lines shown in Fig. 6,
respectively. The correlation between the data is striking in
that the lines remain almost parallel on the whole range of
temperatures with a slight difference in their slopes (1.3 for
the upper line and 1.2 for the lower line). The average value
of the difference T),_exp—T)y—theor Which is 17.25 K (with just
a standard deviation of 1.28 K) may be due to impurities in
the sample or microscopic crevices on the walls of the ben-
zene container.> As was the case with water, we believe that
a careful experiment using the technique of surfactant-
stabilized emulsions™**™*® or the container-less processing
methods*” will reduce the difference T—expt— Tytheor DY pro-
viding lower values for T,,_cxy-

Our anticipated conclusion is that the slope of the limit
of liquid metastability versus the liquid-to-solid transition
temperature will remain constant in the neighborhood of 1.3.

23
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APPENDIX: NUMERICAL RESOLUTION OF EQS. (7)
AND (8)

This section provides the MATLAB codes, as a part of the
numerical method, leading to the resolutions of the system of
equations (7) and (8) when our P data (Table I) are used as
parameters. The program is written for P=102.9 MPa. When
the program is executed, plots of both sides of Eq. (7) as
functions of the temperature are depicted showing a point of
intersection. The transition temperature is the temperature of
the intersection point, which is 306.62 K.

% A script file that calculates the ‘solidification’ curve

% using equations (7) and (8).

% V: molar volume in (cm3).

% T: temperature in (K).

% P: pressure in (Mpa).

% VS & VL: molar volumes of the solid & liquid at the

% transition point.

% The constants:

% Tc(K), Pc(MPa), Zc: critical temperature, critical

% pressure, critical compressibility factor.

% R(J.K-1.mol-1): the universal gas constant.

% c(cm3), d(cm3).

% Other constants: dimensionless.

% Dimensionless functions of Tr: ar, br.

% Functions of Tr: a(MPa.cm6), b(cm3).

% Application: Solid-Liquid Benzene.

clear all

cr=0.3397686; dr=0.3345894; Zc=0.3750290;

Tc=562.05; Pc=4.894; a0=0.31125; al=1.5930;

a2=2.6678; n=1.51; b0=0.3280;

b1=-9.64236e-2; b2=26.6560; m=4.0; R=8.314510;

c=cr#*(Zc*R*Tc/Pc);

d=dr#*(Zc*R#*Tc/Pc); ve=Zc*R*Tc/Pc; P=102.9;

syms VT VL VS;

Tr=T/Tc; ar=a0+al *(Tr*exp(—aZ*TrAn));

br=b0+b1*exp(-b2 *TrAm);

a=(((R*Tc)2)/Pc)*ar; b=(Zc*R *Tc/Pc)br;

Ar=(d-b)/(c=b); Br=(c—d)/(c-b);

% Left-hand side of Eq. (7)

ML=P*(VL-VS);

% Right-hand side of Eq. (7)

MR=R*T*(Ar*log(abs((VL-b)/(VS=b)))...

+Br#log(abs((VL—c)/(VS=c))))...
+a*(1/VL-1/VS);

% Estimated range of the transition temperature (from

% previous data)

Td=[306.60:0.01:306.66];

A=double(subs((R*T+(b+c)*P),T,Td));

B=double(subs((b*c*P+d*R*T+a),T,Td));

C=double(subs((a(b+c)),T,Td));

D=double(subs(axb*c,T,Td));
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% Resolution of the Eq. (8). By default, the first two
% roots are real.
% By default, the st root is greater than the 2nd one.
k=1;
while k< =sum(ones(size(Td)))

s=double(solve(P*V 4—A(k)*V 3...

+B(K)*V 2-C(K) *V+D(K)));

Vu(k)=s(1); Vd(k)=s(2);

k=k+1;
end
MLd=double(subs(ML,{VL,VS},{Vu,Vd}));
MRd=double(subs(MR,{VL,VS,T},{Vu,Vd, Td}));
plot(Td,MLd,"-k’,Td,MRd, '-b’);
xlabel (C{\it T}/K’, *FontSize’,14)
title ("{\it P}=102.9 MPa’, ’FontSize’,16)
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